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Abstract. The Bermond-Thomassen conjecture states that, for any positive integer r, a
digraph of minimum out-degree at least 2r−1 contains at least r vertex-disjoint directed cycles.
Bessy, Sereni and Lichiardopol proved that a regular tournament T of minimum degree 2r − 1
contains at least r vertex-disjoint directed cycles, which shows that the above conjecture is true
for tournaments. After that, Lichiardopol improved this result by showing that a 2r− 1-regular
tournament contains at least 76r−
7
3 vertex-disjoint directed cycles. In this paper, we will extend
the result to tournaments with minimum out-degree at least 2r − 1 by proving a more general
result.
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1 Introduction
First, we recall some basic definitions and notations (which is that of [2]). For a digraph D,
we write V (D) for the vertex set of D, and the order of D is the cardinality of | V (D) |. We
write A(D) for the set of the arcs of D. Two or several arcs are independent if they are pairwise
vertex-disjoint. For a subset V
′
of V (D), D[V
′
] denotes the digraph induced by the vertices of
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V
′
. By path of length m of a digraph D, we mean a sequence P with P = (x1, · · · , xm+1) of
distinct vertices of D such that (xi, xi+1) ∈ A(D) for 1 ≤ i ≤ m. When {x1, · · · , xm+1} = V (D),
we say that P is a Hamiltonian path. By cycles of length m in D, we mean a sequence C with
C = (x1, · · · , xm, x1) such that the vertices x1, · · · , xm are pairwise distinct, (xi, xi+1) ∈ A(D)
for 1 ≤ i ≤ m − 1, and (xm, x1) ∈ A(D). When {x1, · · · , xm} = V (D), we say that C is a
Hamiltonian cycle. By disjoint cycles, we mean pairwise vertex-disjoint cycles. A cycle of length
3 is a triangle. A triangle (x, y, z, x) will be often denoted (x, u, x), where u is the arc (y, z).
A tournament is a digraph T such that for any two distinct vertices x and y, exactly one of the
couples (x, y) and (y, x) is a arc of T. A vertex y is a successor of a vertex x if (x, y) is an arc of T
and all those vertices as successor of x denoted by N+(x). A vertex y is a predecessor of a vertex
x if x is a successor of y and all those vertices as predecessor of x denoted by N−(x). The number
of successors of x is the out-degree δ+(x) of x, and the number of predecessors of x is the in-
degree δ−(x) of x. Let δ+(T ) := min{δ+(x) : x ∈ V (T )}, δ−(T ) := min{δ−(x) : x ∈ V (T )} and
δ(T ) := min{δ+(T ), δ−(T )}. The irregularity i(T ) of a tournament T is max | δ+(x) − δ−(x) |
over all vertices x of T . If i(T ) = 0, then T is regular and if i(T ) = 1, then T is almost regular.
Any tournament T with n vertices contains a vertex of out-degree at most 12(n − 1) and it
contains one of out-degree less than 12(n− 1) unless i(T ) = 0. Every vertex of T has out-degree
at least 12(n− 1− i(T )) and at most
1
2(n− 1 + i(T )).
An acyclic (or a transitive) tournament is a tournament T without cycles. Its m vertices
can be ordered into an unique Hamiltonian path (x1, · · · , xm), and then (xi, xj) is an arc of T
if and only if i < j. In particular, note that if a tournament contains k disjoint cycles, then it
contains k disjoint triangles.
In 1981, Bermond and Thomassen [5] conjectured that for any positive integer r, any digraph
of minimum out-degree at least 2r−1 contains at least r disjoint cycles. It is trivially true when
r = 1, and it was proved by Thomassen [10] when r = 2. Recently, the conjecture was proved
for r = 3 in [9]. It is still open for large r. In particular, Bessy et al. in [6] proved that a regular
tournament T of minimum degree 2r−1 contains at least r disjoint cycles, which shows that the
above conjecture is true for tournaments. Bang-Jensen in [1] proved that for every ǫ > 0, when r
is large enough, every tournament with minimum out-degree at least (1.5+ε)r contains r disjoint
cycles and the linear factor is best possible as shown by the regular tournament. Recently,
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Lichiardopol improved this result by showing that a 2r − 1-regular tournament containing at
least 76r −
7
3 disjoint cycles. In this paper, we show that, for any r ≥ 1, every tournament T
with δ+(T ) ≥ 2r − 1 contains at least 4q3(q+1)r −
q
3 disjoint cycles, where 4 ≤ q ≤ 7 and q ∈ Z
+.
The result implies the following which generalizes Lichiardopol’s result.
Theorem 1.1. For any r ≥ 1, every tournament T with δ+(T ) ≥ 2r−1 contains at least 76r−
7
3
vertex disjoint directed cycles.
2 Preliminary results
Lemma 2.1. For any r ≥ 1, every tournament T with δ(T ) ≥ 2r − 1 contains at least 76r −
7
3
vertex disjoint directed cycles.
Let (x, y) be an arc of a tournament T of order n with n ≥ 3. We set
B(x, y) = {z ∈ V (T ) : (x, z) ∈ A(T ), (y, z) ∈ A(T )},
E(x, y) = {z ∈ V (T ) : (z, x) ∈ A(T ), (y, z) ∈ A(T )},
F (x, y) = {z ∈ V (T ) : (x, z) ∈ A(T ), (z, y) ∈ A(T )}.
Note that E(x, y) is the set of vertices z such that x, y and z form a triangle. We let
b(x, y), e(x, y) and f(x, y) be the respective cardinalities of these three sets. It is easy to see
that δ+(x) = b(x, y) + f(x, y) + 1 and δ+(y) = b(x, y) + e(x, y). It follows that e(x, y) =
f(x, y) + δ+(y)− δ+(x) + 1. Because of T is a tournament, we have
e(x, y) ≥ f(x, y) + 1− i(T ) (1)
If u = (x, y), then E(x, y), e(x, y), F (x, y), and f(x, y) will also be denoted by E(u),
e(u), F (u), and f(u). It was proved in [6] that T contains at least r vertex-disjoint cycles.
When r ≤ 14, it holds that r ≥ 7
6
r− 7
3
, and so the claim holds in this case. So, from now
on, we suppose r ≥ 15.
Claim 2.1. For any r ≥ 1, every tournament T with δ+(T ) ≥ 2r − 1 if and only if
V (T ) ≥ 4r − 1 + i(T ).
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Proof. We first consider the necessity. Since every vertex of T has out-degree at least
1
2
(V (T )− 1− i(T )), then δ+(T ) ≥ 1
2
(V (T )− 1− i(T )) ≥ 2r − 1.
If i(T ) = 0, then δ+(T ) = δ−(T ) ≥ 2r − 1. Clearly, V (T ) ≥ 4r − 1 + i(T ). If
i(T ) > 0, let δ+(T ) = δ+(x) for some vertex x, then δ−(x) = δ+(x) + i(T ). So, V (T ) =
δ+(x) + δ−(x) + 1 ≥ 4r − 1 + i(T ).
Since δ(T ) ≥ 2r − 1, δ+(T ) ≥ 2r − 1 and |V (T )| ≥ 4r − 1 + i(T ). Let s be the
maximum number of disjoint cycles of T . Clearly, s is also the maximum number of
disjoint triangles. In particular, let S = {C1 · · ·Cs} be a set of s disjoint triangles with
Ci = (ai, bi, ci, ai) for 1 ≤ i ≤ s. Let V1 =
⋃
1≤i≤s V (Ci) and V2 = V (T )\V1. Let Ts be the
sub-tournament of T induced by the vertices of V2. Obviously, Ts is an acyclic tournament
by the maximality of s. Its vertices can be ordered according to its unique Hamiltonian
path (x1, · · ·xt) where t = |V (T )| − 3s ≥ 4r − 1 + i(T )− 3s. Note that (xi, xj) is an arc
of Ts, if and only if i < j.
If t ≤ 13, then s ≥ 4
3
r− 14
3
+ 1
3
i(T ) ≥ 4
3
r− 14
3
. Since r ≥ 15 implies 4
3
r− 14
3
≥ 7
6
r− 7
3
, it
follows 7
6
r − 7
3
and the claim holds in this case. So from now on, we suppose that t ≥ 14
(and r ≥ 15). Consider the arcs ωi with ωi = (xi, xt+1−i), for 1 ≤ i ≤ 7. Denote by ΩS
the set of the independent arcs ω1, · · · , ω7, and put e(ΩS) =
∑
1≤i≤7 e(ωi).
Claim 2.2. e(ΩS) ≥ 7t− 49− 7i(T ).
Proof. For 1 ≤ i ≤ 7, each vertex xj with i + 1 ≤ j ≤ t − i is in F (ωi) and therefore
f(ωi) ≥ t − 2i. By (1), we get e(ωi) ≥ t − 2i + 1 − i(T ). It follows that e(ΩS) ≥
∑
1≤i≤7 t− 2i+ 1− i(T ), so e(ΩS) ≥ 7t− 49− 7i(T ).
For a vertex x ∈ V1, let EΩS(x) denote the set of the arcs ωi ∈ ΩS such that x ∈ E(ωi),
and put eΩS(x) =| EΩS(x) |. Let eΩS(Ci) =
∑
x∈V (Ci)
eΩS(x), for Ci ∈ S. Since Ts is a
acyclic, for every arc ωi, the set x ∈ E(ωi) does not contain vertices of Ts. By double-
counting, and interchanging the order of summation, we then get e(ΩS) =
∑
x∈V1
eΩS(x) =
∑
1≤i≤s eΩS(Ci). Let VS = {x ∈ V1 : eΩS(x) ≥ 4}, and let vs =| VS |.
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Claim 2.3. ([8]) If a vertex v of a triangle C of S satisfies eΩS(v) ≥ 2, then eΩS(ω) = 0
for every vertex ω of C distinct from v.
Clearly, this claim implies that every triangle C of S, that is disjoint from VS, satisfies
eΩS(C) ≤ 3. It implies also that every triangle of S contains at most one vertex of
VS. Now, we choose S such that vs is the greatest possible. Suppose first that vs =
0. Since e(ΩS) =
∑
1≤i≤s eΩS(Ci), from Claim 2.1, Claim 2.2 and Claim 2.3 we get
7(4r − 1 + i(T )− 3s)− 49− 7i(T ) ≤ 7t− 49− 7i(T ) ≤ 3s, hence 24s ≥ 28r − 56, which
gives s ≥ 7
6
r − 7
3
. So, the claim holds in this case.
Suppose now that vs > 0. By Claim 2.2, without loss of generality, we may suppose
that the vs vertices of VS are a1, · · · , avs . We denote ∆S = {C1, · · · , Cvs}. Note that ∆S
is a subset of S strictly included in S when vs < s. For each triangle Ci of ∆S we have
eΩS(Ci) = eΩS(ai) ≤ 7. Let U
′
S =
⋃
1≤i≤vs
{bi, ci} and V
′
S = V2∪U
′
S. Clearly, | V
′
S |= 2vs+t.
Claim 2.4. ([8]) The sub-tournament induced by the set VS
′ is acyclic.
Since the sub-tournament T [VS
′] is acyclic, let (α1, · · ·αγs), where γs = t+2vs =| V
′
S |,
be the unique Hamiltonian path of T [V
′
S]. Recall that Ts is the acyclic sub-tournament
induced by vertices of T no contained in a triangle of S and that the vertices of Ts can be
ordered into an unique Hamiltonian path which we denote here by xS1 , · · · , x
S
t . Clearly,
this notation (and the other using S as subscript or superscript) is valid for every set of
s disjoint triangles.
Claim 2.5. ([8]) There exists a set S
′
of s vertex-disjoint triangles such that xS
′
1 = α1,
xS
′
t = αγs, x
S′
2 = α2 and x
S′
t−1 = αγs−1
Now, we can achieve the proof of Theorem 1.1. We work on the set S
′
of vertex-
disjoint triangles constructed in Claim 2.5. Here ΩS′ is the set of the independent arcs
ωS
′
i = (x
S
′
i , x
S
′
t+1−i) for 1 ≤ i ≤ 7. On the one hand, since e(ω
S
′
1 ) ≥ t + 2vs − 1 − i(T )
and e(ωS
′
2 ) ≥ t + 2vs − 3 − i(T ), we have e(ΩS′ ) ≥ 7t + 4vs − 49 − 7i(T ). On the
other hand , since eΩ
S
′
(C) ≤ 7 when C is a triangle of ∆S′ , and eΩ
S
′
(C) ≤ 3 when C
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is not a triangle of ∆S′ (by Claim 2.3), we deduce e(ΩS′ ) ≤ 7vs′ + 3(s − vs′ ). It follows
that 7t + 4vs − 49 − 7i(T ) ≤ 4vs′ + 3s. By maximality of vs, then vs ≥ vs′ . It follows
7(4r − 1 + i(T )− 3s) + 4vs − 49− 7i(T ) ≤ 7t+ 4vs − 49− 7i(T ) ≤ 4vs′ + 3s ≤ 4vs + 3s,
hence 7(4r− 1 + i(T )− 3s)− 49− 7i(T ) ≤ 3s, which gives s ≥ 7
6
r − 7
3
. So Lemma 2.1 is
proved.
Corollary 2.2. ([6]) For any r ≥ 1, every tournament T with δ(T ) ≥ 2r− 1 contains at
least r vertex disjoint directed cycles.
Corollary 2.3. For any r ≥ 1, every tournament T with δ+(T ) ≥ 2r − 1 and i(T ) ≤ 1
contains at least 7
6
r − 7
3
vertex disjoint directed cycles.
Lemma 2.4. For any r ≥ 1, every tournament T with δ+(T ) ≥ 2r − 1 contains at least
16
15
r − 4
3
vertex disjoint directed cycles.
Proof. It was proved in [6, 10] that T contains at least r vertex-disjoint cycles when r ≤ 3.
Thus, we have r ≥ 16
15
r − 4
3
, when r ≤ 3, and the claim holds in this case. So, from now
on, we suppose r ≥ 4. According to Corollary 2.2 and Corollary 2.3, when i(T ) ≤ 1, the
Lemma 2.4 is clearly true. So, suppose that i(T ) ≥ 2. If t ≤ 8, then s ≥ 4
3
r − 3 + 1
3
i(T ).
Since r ≥ 4 and i(T ) ≥ 2 implies s ≥ 4
3
r− 3+ 1
3
i(T ) ≥ 16
15
r− 4
3
, it follows s ≥ 16
15
r− 4
3
and
the claim holds in this case. So from now on, we suppose that t ≥ 9 (and r ≥ 4). Consider
the arcs ωi with ωi = (xi, xt+1−i), for 1 ≤ i ≤ 4. Denote by Ωs the set of the independent
arcs ω1, · · · , ω4, and put e(ΩS) =
∑
1≤i≤4 e(ωi). Similar to the Proof of Claim 2.2, we
have e(ΩS) ≥ 4t−16−4i(T ). Now, we also choose S such that vs is the greatest possible.
Suppose first that vs = 0. Since e(ΩS) =
∑
1≤i≤s eΩS(Ci), from Claim 2.1, Claim 2.2
and Claim 2.3 we get 4(4r − 1 + i(T ) − 3s)− 16 − 4i(T ) ≤ 4t− 16 − 4i(T ) ≤ 3s, hence
15s ≥ 16r − 20, which gives s ≥ 16
15
r − 4
3
. So, the claim holds in this case.
Suppose now that vs > 0. We work on the set S
′
of vertex-disjoint triangles constructed
in Claim 2.5. Here ΩS′ is the set of the independent arcs ω
S
′
i = (x
S
′
i , x
S
′
t+1−i) for 1 ≤ i ≤ 4.
On the one hand, since e(ωS
′
1 ) ≥ t + 2vs − 1 − i(T ), e(ω
S
′
2 ) ≥ t + 2vs − 3 − i(T ), we
have e(ΩS′ ) ≥ 4t + 4vs − 16 − 4i(T ). On the other hand , since eΩ
S
′
(C) ≤ 4 when C is
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a triangle of ∆S′ , and eΩ
S
′
(C) ≤ 3 when C is not a triangle of ∆S′ (by Claim 2.3), we
deduce e(ΩS′ ) ≤ 4vs′ + 3(s − vs′ ). It follows that 4t + 4vs − 16 − 4i(T ) ≤ vs′ + 3s. By
maximality of vs, then vs ≥ vs′ . It follows 4(4r − 1 + i(T ) − 3s) + 4vs − 16 − 4i(T ) ≤
4t+4vs− 16− 4i(T ) ≤ vs′ +3s ≤ vs+3s. Hence 4(4r− 1+ i(T )− 3s)− 16− 4i(T ) ≤ 3s,
which implies s ≥ 16
15
r − 4
3
. So Lemma 2.4 is proved.
3 Proof of Theorem1.1
We show Theorem 1.1 by proving a stronger result as following:
Theorem 3.1. For any r ≥ 1, every tournament T with δ+(T ) ≥ 2r−1 contains at least
4q
3(q+1)
r − q
3
vertex disjoint directed cycles, where 4 ≤ q ≤ 7 and q ∈ Z+.
Proof. We prove the theorem by induction on q. If q = 4, by Lemma 2.4, the theorem is
clearly true so we proceed to the induction step. Suppose that s ≥ 4(q−1)
3q
r− q−1
3
. Now, we
will prove that s ≥ 4q
3(q+1)
r− q
3
. Similar to the Proof of Lemma 2.4. First, if r ≤ q(q+1)
4
, it
holds that s ≥ 4(q−1)
3q
r− q−1
3
≥ 4q
3(q+1)
r− q
3
, and the claim holds in this case. So, from now
on, we suppose r ≥ q(q+1)
4
+1. Suppose that t ≤ 2q−1. This means s ≥ 4
3
r− 2q
3
+ 1
3
i(T ) ≥
4
3
r − 2q
3
. Since r ≥ q(q+1)
4
+ 1 implies 4
3
r − 2q
3
≥ 4q
3(q+1)
r − q
3
, it follows s ≥ 4q
3(q+1)
r − q
3
and
the claim holds in this case. So from now on, we suppose that t ≥ 2q (and r ≥ q(q+1)
4
+1).
Consider the arcs ωi with ωi = (xi, xt+1−i), for 1 ≤ i ≤ q. Denote by ΩS the set of the
independent arcs ω1, · · · , ωq, and put e(Ωs) =
∑
1≤i≤q e(ωi). Similar to the Proof of Claim
2.2, we get that e(ΩS) ≥ qt−q
2−qi(T ). Now, we also choose S such that vs is the greatest
possible. Suppose first that vs = 0. Since e(ΩS) =
∑
1≤i≤s eΩS(Ci), from Claim 2.1, Claim
2.2 and Claim 2.3 we get q(4r− 1+ i(T )− 3s)− q2− qi(T ) ≤ qt− q2− qi(T ) ≤ 3s, hence
(3q + 3)s ≥ 4qr − (q2 + q), which gives s ≥ 4q
3(q+1)
r − q
3
. So, the claim holds in this case.
Suppose now that vs > 0. We work on the set S
′
of vertex-disjoint triangles constructed
in Claim 2.5. Here ΩS′ is the set of the independent arcs ω
S
′
i = (x
S
′
i , x
S
′
t+1−i) for 1 ≤ i ≤ q.
On the one hand, since e(ωS
′
1 ) ≥ t + 2vs − 1 − i(T ), e(ω
S
′
2 ) ≥ t + 2vs − 3 − i(T ), we
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have e(ΩS′ ) ≥ qt + 4vs − q
2 − qi(T ). On the other hand , since eΩ
S
′
(C) ≤ q when C is
a triangle of ∆S′ , and eΩ
S
′
(C) ≤ 3 when C is not a triangle of ∆S′ (by Claim 2.3), we
deduce e(ΩS′ ) ≤ qvs′ + 3(s− vs′ ). It follows that qt+ 4vs − q
2 − qi(T ) ≤ (q − 3)vs′ + 3s.
By maximality of vs, then vs ≥ vs′ . When 4 ≤ q ≤ 7, it follows q(4r − 1 + i(T ) − 3s) +
(q − 3)vs − q
2 − qi(T ) ≤ qt + 4vs − q
2 − qi(T ) ≤ (q − 3)vs′ + 3s ≤ (q − 3)vs + 3s, hence
q(4r− 1 + i(T )− 3s)− q2− qi(T ) ≤ 3s, which implies s ≥ 4q
3(q+1)
r− q
3
. So Theorem 3.1 is
proved.
Remark 3.2. For the function f(q) = 4q
3(q+1)
r− q
3
in the theorem above, one can see that
s ≥ 4q
3(q+1)
r − q
3
≥ 4(q−1)
3q
r − q−1
3
only when r ≥ q(q+1)
4
. Otherwise, s ≥ 4(q−1)
3q
r − q−1
3
>
4q
3(q+1)
r − q
3
. In the end, we ask a question: whether the scope of q in the theorem can be
improved.
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